The Heitler-Matthews model for hadronic air showers will be extended to all the generations of electromagnetic subshowers in the hadronic cascade. The analysis is outlined in detail for showers initiated by primary protons. For showers initiated by iron primaries the part of the analysis is given for as far as it differs from the analysis for a primary proton. Predictions for shower sizes and the depth of maximum shower size are compared with results of Monte Carlo simulations. The depth of maximum as it follows from the extrapolation of the Heitler-Matthews model restricted to the first generation of electromagnetic subshowers is too small with respect to Monte Carlo predictions. It is shown that the inclusion of all the generations of electromagnetic subshowers leads to smaller predictions for the depth of maximum and to smaller predictions for the elongation rate. The discrepancy between discrete model predictions and Monte Carlo predictions for the depth of maximum can therefore not be explained from the number of generations that is taken into consideration. An alternative explanation will be proposed.
Introduction
A simplified description of the longitudinal evolution of electromagnetic showers is given by the Heitler model [1] . Starting with a primary particle of energy E 0 , the number of particles doubles every splitting length d = λ r ln 2, where the radiation length λ r is about 37 g cm −2 . The doubling stops when the energy per particle is equal to the critical energy ξ e c ≈ 85 MeV. The resulting Heitler profile is
where n e c is maximum the number of steps: n e c ln 2 = ln(E 0 /ξ e c ).
A Heitler model for the hadronic cascade in air showers has been constructed by Matthews [2] . The Heitler-Matthews model is useful for the explanation of hadronic cascades as well as for the analytical derivation of relations between quantities as primary energy, muon number, electron number and depth of maximum shower size [3, 4, 5] . For the prediction of the number of charged particles it is assumed that each hadronic interaction results in M ch = 10 charged pions and 1 2 M ch = 5 neutral pions. That is, the total multiplicity M is equal to 15. The neutral pions initiate electromagnetic subshowers when they decay into photons. For the prediction for the depth of maximum shower size, restricted to the first generation of electromagnetic subshowers, the multiplicity and interaction length are parameterized by the energy of the interaction.
The atmosphere is divided into layers of atmospheric thickness d I . After the traversing of each layer the number of charged pions is assumed to be M ch times larger if d I = λ I ln 2, where λ I = 120 g cm −2 is the interaction length of strongly interacting pions. Consequently, after n layers the number of charged pions is (M ch ) n . The energy per pion is
The stopping energy is estimated on the basis of the finite lifetime of the pions in the atmosphere. For this it suffices to consider the approximate relation between atmospheric depth and height:
X(h) = 1030 · e −h/8 ↔ h(X) = 8 ln(1030/X) ,
where X is the depth in g cm −2 and h is the height in km. Neutral pions decay almost immediately into two photons, cτ = 25 nm [6] . Each resulting photon starts an electromagnetic shower. The decay length of the charged pions is γcτ , where cτ = 7.8 m [6] . The decay length is of the order of a kilometer because of the relativistic time dilation. As a consequence charged pions may interact with the atmosphere and propagate the hadronic shower, before decay. If the probability for decay in the next layer is larger than the probability of a hadronic interaction, the pions are assumed to decay and the cascade stops. This happens after n c layers. The corresponding energy of the decaying charged pions, the stopping energy ξ π c , follows from
The stopping energy turns out to be around 20 GeV.
Model parameters
In this paper the Heitler-Matthews model is extended to all the generations of pions in the shower. The complete analysis will be improved by consequently taking the multiplicity M and interaction length λ I to depend on the energy of the hadron in the shower. One of the consequences is that the thickness of the cascade layers increases with depth, see We will take the energy dependence of the π-air multiplicity and interaction length to be given by Monte Carlo event generators based on QCD and parton models. The calculated π-air charged multiplicity, see Fig. 5 of [7] , Fig. 7 of [8] and Fig. 5 of [9] , suggests the relation
where E is the energy in eV. Taking the ratio of the charged and neutral pions as 2 : 1, we have for the total multiplicity
It should be emphasized that the relation between multiplicity and energy is rather uncertain since different models predict different multiplicities. In particular for large energies the differences can be large, even more than 100%. From Fig. 5 of [7] and Fig. 7 of [8] we see that the pion multiplicity does not differ substantially from the proton multiplicity. We therefore will use the relations (5) and (6) for both the multiplicity in proton-air (p-air) and pion-air (π-air) interactions. A parameterization with other values for the constants will, of course, affect the results quantitatively. It does, however, not alter the results qualitatively.
Both the p-air and π-air production cross sections grow with energy. The p-air production cross section at large energies obtained from observations of extensive air showers are in good agreement with QGSJET predictions [10, 11, 12, 13] . For the present analysis we will therefore use the QGSJET predictions for the p-air production cross section. We will also use the QGSJET predictions for the π-air production cross section [8, 14] . From these cross sections approximations for the energy dependent interaction lengths can be derived which are sufficiently accurate for our purpose. For π-air this is:
For p-air this is
For the hadronic cascade Matthews and Hörandel take d I = λ I ln 2 as the relation between layer thickness and interaction length [2, 3] . This might have been motivated by the expression λ r ln 2 for the splitting length in the electromagnetic cascade. There the ratio ln 2 results from the translation of the radiation length to the splitting length. In an intermediate model for electromagnetic showers the splitting length, λ r ln 2, is effectively used as the electromagnetic interaction length [15] . For the hadronic cascade, however, there is no reason for the ratio ln 2 since λ I is already an interaction length. As a consequence the thickness of the interaction layer in hadronic cascades is equal to the interaction length. For hadronic showers we will therefore use the relation d I = λ I .
The hadronic cascade for a primary proton
Now we consider a hadronic cascade where the hadronic particles interact after having traversed a layer of atmosphere. The thickness of each layer will be taken equal to the actual interaction length as given by (7) or (8) . After each interaction M pions are produced as given by (6) . In accordance with the Heitler model for electromagnetic showers, the energy is assumed to be equally divided over the particles produced. After each interaction the new energy of the charged hadrons then follows from a successive application of the equation
Starting with a primary proton with energy E 0 the energy of the particles after the first interaction is
After the second interaction this is
Repeating the iteration we find for the energy per particle after n interactions
where
For the interaction lengths we obtain for the primary proton, n = 0,
and for the produced pions, n ≥ 1,
With the substitution of (12) this is
The atmospheric depth of the n c -th interaction is given by
Substitution of (14) and (16) leads to
With the approximate relation (3) between height and atmospheric depth, we obtain for the difference in height between the n c -th and (n c + 1)-th interaction:
For the decay length of the charged pions after the n c -th interaction we find
where we have taken 140 MeV/c 2 for the mass of the charged pions [6] . We will follow Matthews with the reasonable assumption that the pions will decay when the decay length is half the layer thickness:
In this equation we substitute integer values for n c and solve numerically for the primary energy E 0 . Results of interest are shown in table 1, 2 and 3. In table 1 the height h is calculated with Eq. (3). In table 2 and 3 the interaction lengths respectively multiplicities are given for all interactions up to the final one after which decay occurs. Of course, the number of interactions in the cascade and thus also the penetration depth of the shower increases with the energy of the primary particle. Since a larger atmospheric depth at lower altitudes corresponds to a larger probability for a charged pion to interact before decay, we expect a smaller stopping energy. From the last entry in table 1 we see the stopping energy indeed decreases for increasing primary energy. The number of muons is given by Table 2 : Subsequent interaction lengths in hadronic cascades for a primary proton. The λ n and the cascade averageλ are in g cm −2 . For a primary proton with energy 1.4 · 10 15 eV, as an example, the number of muons is about 1.6 · 10 4 . The energy of the final pions is about 2.6 · 10 10 eV, see last entry of table 1. For the quantity
we then obtain the value 0.89. For other primary energies the value of β is found to increase slightly from 0.88 through 0.92 for a primary energy increasing from 10 12 eV through 10 20 eV. Since we work with larger multiplicities, these values are slightly larger than the one obtained by Matthews [2] .
From the last column in table 3 we find the following approximate relation between the effective multiplicity (the geometric mean multiplicity) and the primary energy: lnM ≈ 1.05 + 0.074 ln E 0 . The effective charged multiplicity then is given by lnM ch ≈ 0.65 + 0.074 ln E 0 . Substituting the latter in the Matthews' expression [2]
where κ is the inelasticity, we obtain a refinement for the energy dependence:
Hybrid Heitler scheme
The Heitler line of reasoning can also be applied to electromagnetic shower profiles other than the Heitler profile (1). Let N (X; E) be an electromagnetic shower profile which for a primary energy E has its maximum N max (E) at depth X max (E). For twice the primary energy the particle will split into two particles with energy E after one splitting length d = λ r ln 2. The corresponding shower profile can be regarded as twice the shower profile for E shifted with d towards a larger depth. As a consequence N max (2E) = 2N max (E) and X max (2E) = X max (E) + d. The latter corresponds to the following elongation rate:
This scheme will be applied to the present hadronic cascades. Each time when neutral pions decay into photons an electromagnetic subshower is initiated and the corresponding longitudinal profile is substituted. It is similar to what is done in the hybrid Monte Carlo model CONEX [16] . For the electromagnetic shower profile we take the Greisen function [17] :
where y c = ln(E 0 /ξ e c ) and where
is the age parameter. For showers initiated by a photon a good prediction for the depth of maximum is given by
For energies larger than 1 EeV, the depth of maximum for photon showers is larger than predicted by (29) because of the Landau-Pomeranchuk-Migdal (LPM) effect [19, 20, 21] . See for instance the corresponding curve in Fig.  13 of [18] . By means of a hybrid Monte Carlo model the consequences of the LPM effect for hadronic air showers are found negligible for primary energies below 3·10 20 eV [8] . For such extremely high primary energies the large multiplicity causes the energy of the decay photons after the first interaction to be below 1 EeV, outside the LPM regime. We will therefore conveniently take (29) for the depth of maximum shower size of electromagnetic (sub)showers. The total electromagnetic shower profile is obtained by adding the profiles of the electromagnetic subshowers. As an example we consider a shower caused by a 1.4 · 10 15 eV primary proton. The first interaction at depth 65 g/cm 2 ( Table 2) produces an expected number of 80 pions (Table 3 ). Equal energy division over the secondaries leads to 1.75 · 10 13 eV for each pion. One-third of the pions are assumed to be neutral. Also for the gamma production we will assume equal energy division. Then each neutral pion decays into two gammas with energy 8.8 · 10 12 eV. Gamma showers with this initial energy have a depth of maximum at about 425 g/cm 2 . The depth of maximum of this electromagnetic subshower is therefore at 490 g/cm 2 . The charged pions survive the next interaction layer of 99 g/cm 2 to cause a second generation of gammas. In a similar way as for the first generation the depth of maximum of the second and third generation are found to be both about 460 g/cm 2 . The total energy contents in the three subsequent electromagnetic subshowers are
9 E 0 and 4 27 E 0 respectively. After the third interaction the charged pions are assumed to decay into a muon. The contribution of all three generations of electromagnetic showers to the total shower is illustrated in Fig. 2 .
Since the depth of maximum for the second and third generation is smaller than for the first generation, the depth of maximum for the total electromagnetic shower will also be smaller than predicted by the first generation. For the example above: the depth of maximum of the total shower is 470 g/cm 2 , which is 20 g/cm 2 smaller than the value 490 g/cm 2 for the first generation. These differences are even larger for larger primary energies.
The depth of maximum and the maximum number of electrons and positrons of the total electromagnetic shower is found by numerical inspection. This semi-analytical approach is utilized to be able to consider all the generations of subshowers. The number of muons is found by means of Eq. (22) . In Fig.  3 we have plotted the maximum size of the total electromagnetic shower and the number of muons as a function of initial energy. A linear fit, see the dashed lines in Fig. 3 , for the maximum number of electrons (±) and number of muons yields
1.019 (30) and
respectively. The values of N e + 25N µ for different values of the primary proton energy E 0 are close to the ones obtained with Monte Carlo models, e.g. Fig. 3 of [22] .
The depth of the maximum shower size of the total electromagnetic shower is also determined by numerical inspection. In Fig. 4 the depth of maximum shower size is plotted as a function of the energy of the primary proton. A cubic fit, see the dashed line in Fig. 4 , yields
where the common notation lg for log 10 is used for abbreviation. The latter expression is the result for a primary proton as indicated by the subscript 'p'. It parameterizes the energy dependence of the elongation rate. For energies above 10 14 eV the curve is almost linear:
In this energy region the elongation rate is constant. Clearly, the depth of maximum on the basis of all the generations of gamma showers is small in comparison with Monte Carlo simulations: 40 instead of 58 g cm −2 per decade of energy. An analytical estimate can be obtained by considering solely the first generation of γ's [2, 3] . Then, with the present model parameters,
That the corresponding elongation rate is close to value predicted by Monte Carlo simulations should be considered as coincidental. At this point it is instructive to consider also the second generation in the analytical estimation. To this end we leave the constants in the expression for the multiplicity unspecified: M = q · E p . The depth of maximum of the first and second generation of gamma showers then respectively read
and
With the substitution of E 1 = E 0 /(qE p 0 ) these expression reduce to
For reasonable values for p and q, in the neighbourhood of p ≈ 0.18 and q ≈ 0.15, the depth of maximum of the second generation is smaller than the one from the first generation. The inclusion of the second generation in the analysis will therefore decrease the depth of maximum.
Iron primary
The hadronic cascade for an iron primary differs from the one for a proton primary by a smaller depth of first interaction and by a larger multiplicity in the first interaction. The iron-air cross section is about 2000 mb, see Fig.  54 of [23] . The corresponding interaction length is λ Fe-air ≈ 12 g cm −2 . The relatively small energy dependence of the iron-air cross section will only lead to a negligible difference of a few g cm −2 . According to the superposition model [17] the multiplicity of a composite nucleus with atomic mass A is equal to A times the multiplicity of a proton with a A times smaller energy:
For iron-air, A = 56, this is M ch = 2.7 · E 0.18 0 . Since not all nucleons will participate in the same rate as a single proton, the latter should be multiplied by a factor smaller than unity. If this factor is (almost) independent on energy, the superposition model predicts a constant rate between the ironair and proton-air multiplicity. This is indeed what is seen from QCD based models and from a color glass condensate approach, see Fig. 5 of [7] and Fig. 7 of [24] . On the basis of Fig. 5 of [7] we take in our model the iron-air multiplicity as
In the absence of elasticity the iron-air multiplicity is only present in the first interaction. Except for these two adaptions the analysis is identical to the one for a primary proton. Starting with a primary iron with energy E 0 the energy of the particles after the first interaction is
Without elasticity the subsequent interactions are governed by the pion multiplicity:
where α n and β n are as defined in section 3. Substitution of (41) gives
For the interaction lengths we have for the primary iron, n = 0,
The interaction lengths for the produced pions, n ≥ 1, are as given before.
With the substitution of (44) this is
The atmospheric depth of the n c -th interaction, n c ≥ 1, becomes
For the decay length of the charged pions after the n c -th interaction we now find
So, for the depth of the decay of the pions we obtain the following equation:
As before, we substitute integer values for n c and solve numerically for the primary energy E 0 . Results of interest are shown in table 4, 5 and 6, the equivalents of table 1, 2 and 3. For the energy entries in table 4 the maximum number of electrons and muons for an iron initiated air shower is calculated in a similar way as for the proton initiated air showers. The resulting curves, see Fig. 5 , are practically identical to the ones for a proton primary in Fig. 3 . A linear fit, see the dashed lines in Fig. 5 , for the maximum number of electrons (±) and number of muons yields N e ≈ 0.59
and Table 5 : Subsequent interaction lengths in hadronic cascades for a primary iron. The λ n and the cascade averageλ are in g cm −2 . Carlo models, see Fig. 3 of [22] .
Also the depth of maximum shower size for an iron primary is calculated in a similar way as for a proton primary. The result is shown in Fig. 6 . Both the smaller interaction length and the larger multiplicity have reduced the depth of maximum shower size with respect to a proton initiated shower. A cubic fit, see the dashed line in Fig. 6 , yields
where the subscript Fe identifies the primary particle. As for proton showers the curve is almost linear for energies above 10 14 eV:
As for the proton an analytical estimate can be obtained by considering solely the first generation of γ's:
Also here the actual elongation rate is substantially smaller when further generations are taken into account.
Energy distribution
In the Heitler-Matthews model as well as in the present extension the energy of the interaction is assumed to be equally divided over the secondary particles. In reality the distribution of energy is highly inhomogeneous. This is observed in proton-proton collisions, see Fig. 48 of [25] . For proton-air collisions it is predicted by Monte Carlo models, see Fig. 6 of [18] . Many secondaries obtain a small part of the energy while a few particles obtain a larger part. The elasticity effect, where a substantial part of the energy is taken by the leading particle, can be regarded as the most profound manifestation of the inhomogeneous energy distribution. As will be argued both the elasticity and the inhomogeneous energy distribution over the non-leading secondaries increase the depth of maximum shower size. In our opinion the equal division of energy is therefore responsible for a substantial part of the discrepancy with respect to shower simulators which have the inhomogeneous energy distribution incorporated. To give some foundation to the idea we consider the following relation [26] :
In this relation ∆X max is the shift of the depth of maximum shower size, M is the multiplicity and κ is the inelasticity. For protons and pions the inelasticity is roughly about 2 3 , see figure 6 of [8] . Starting from the inelastic situation,κ = 1, the change in inelasticity is ∆κ = − 
That is, about one seventh of the discrepancy can be explained by elasticity.
Also the inhomogeneous energy distribution over the non-leading secondaries increase the depth of maximum shower size. Among the secondary charged pions there will be a few with relatively large energy who penetrate deeper into the atmosphere thereby contributing to the depth of maximum shower size in a similar way as elasticity does. At the same time there will be many secondary charged pions with energies so low that they will decay before they reach final generation of the cascade. In effect this reduces the cascade mean multiplicity. From the first part of the right hand side of Eq. (56) it follows that a substantial contribution to the shift ∆X can be expected. Since the effective reduction of multiplicity will be larger for large multiplicities and thus for large energies, the relative shift will be larger for large energies. As a consequence the inhomogeneous energy distribution over the non-leading secondaries does increase the depth of maximum shower size as well as the elongation rate. To quantify these statements we consider the first generation prediction (37) and investigate its sensitivity for the multiplicity. A change in the multiplicity M = q · E p can be obtained by a change of q and a change of p. From the derivative of (37) with respect to q we obtain
a multiplicity and interaction length is applied parameterized for energy. It is argued that the thickness of the interaction layers should be taken equal to the interaction length and not a fraction ln 2 of it. Although this increases the prediction for the depth of maximum shower size with a few tens of g cm −2 , the value for X max still is too small in comparison with Monte Carlo simulations. It is shown that an analysis based on all the generations in the hadronic cascade does lead to smaller elongation rates than an analysis solely based on the first generation of γ showers. The agreement of the latter with the Monte Carlo prediction for the elongation rate can therefore be considered as coincidental. The depth of maximum curves for proton and iron primaries as predicted by the present model are both shown in Fig. 7 . The curves do show some similarities to the ones resulting from Monte Carlo simulations [9, 18, 27, 28] : they are almost linear for energies larger than 10 14 eV, at low energies the elongation rate tends downwards for increasing energies and the separation between the proton and iron curve is in agreement with Monte Carlo simulations. Also the eleongation rate for iron being larger than for proton, and the corresponding decrease of the separation for increasing energy is in agreement with Monte Carlo simulations. From the present model this can be understood as follows. The smaller interaction length causes a lower level for the iron curve. If the iron and proton multiplicities would be identical the curves would run parallel. The larger iron multiplicity has two effects. It reduces the energy of the first generation of subshowers and a larger initial energy is required for the shower to survive the same number of interactions. The first effect decreases the level of the iron curve, while the second effect shifts the curve to larger energies. Since the second and further generations are governed by pion multiplicities, the cascade average multiplicity for iron tends towards the one for a proton primary. As a consequence the separation between corresponding dots in Fig.  7 becomes smaller for larger energies, resulting in an iron curve that tends to the proton curve for increasing energy.
Despite the agreements with Monte Carlo simulations there are two important differences: the absolute levels of the curves are too small and the elongation rates are too small. For a proton and iron primary the depth of maximum shower size as predicted by Monte Carlo models, see for instance the right panel of Fig. 10 of [9] , Fig. 13 of [18] or Fig. 9 of [27] , is about X max,p ≈ −310 + 58 lg E 0 (64) and X max,Fe ≈ −580 + 67 lg E 0 .
respectively. The comparison with the present model predictions (33) and (54) learns that the Monte Carlo predictions are larger by about 100 g/cm 2 at 10 14 eV up to more than 150 g/cm 2 at 10 20 eV. In our opinion a substantial part of the discrepancy may be caused by the homogeneous energy distribution of the secondaries in the discrete model. An inhomogeneous energy distribution will effectively reduce the multiplicity. As argued in the previous section a decrease of the power p in the relation M = qE p does increase both the depth of maximum and the elongation rate. Both are needed to explain the discrepancy with Monte Carlo simulations. The fact that the present model prediction for the elongation rate also needs to be increased in order to match with Monte Carlo simulations can even be regarded as a support of the present inclusion of all the generations of electromagnetic showers.
Of course one can think of several other possible contributions to the discrepancy. For instance, the present model is discrete. The interactions occur at discrete intervals and the stopping occurs rigidly when the decay length is half the interaction length. It cannot be excluded that the inclusion of statistics in these processes will affect the prediction for depth of maximum. This is beyond the scope of the present discrete model. of this paper. I wish to thank prof. J.W. van Holten and Prof. B. van Eijk for their useful comments and encouragement. I wish to thank Nikhef for its hospitality. The work is supported by a grant from NWO (Netherlands Organization for Scientific Research).
